



















, $\{\mathcal{L}_{n}^{\alpha}\}_{n=}^{\infty}0$ $L^{2}((0, \infty),$ $dX)$ .
[Szeg\"o, 57] . , $(0, \infty)$ $f(x)$






$\alpha\geq 0,1\leq p\leq\infty$ ,
or
$-1<\alpha<0,$ $(1+\alpha/2)^{-1}<p\leq\infty$ ,
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, $a_{n}^{\alpha}(f)$ ( $\alpha\geq 0,1\leq P\leq\infty$ $-1<\alpha<0,$ $(1+\alpha/2)^{-1}<p\leq\infty$





$\alpha$ (1) , $\lambda$ ,
$M_{\lambda}^{\alpha}$
$M_{\lambda}^{\alpha}.f(X) \sim\sum_{=n0}\lambda na(nf\alpha)\mathcal{L}^{\alpha}(nX)\infty$
. $M_{\lambda}^{\alpha}$ $L^{p}(0, \infty)$ ,
$\int_{0}^{\infty}|M_{\lambda}^{\alpha}f(X)|pdX\leq c\int_{0}^{\infty}|f(X)|pdX$
, $\lambda$ $\alpha$ $L^{p}$
. Dlugosz :
Dlugosz 1987. $(0, \infty)$ $\lambda(x)$
$\lambda(x)\in C^{4}(0, \infty)$ , $\sup_{x>0}|\lambda^{(j)}(X)X^{j}|<\infty,$ $j=0,1,2,3,4$
. , $\lambda=\{\lambda(n+1)\}_{n=0}^{\infty}$ , $\alpha=0,1,2,$ $\ldots$









$\int_{0}^{2\pi}|\sum_{n=0}^{\infty}\lambda_{n}A_{n}(X)|^{p}dX\leq C\int_{0}^{2\pi}|f(x)|^{p}dx,$ $1<p<\infty$ .
,
$f(x) \sim\frac{a_{0}}{2}+\sum_{=n1}$ (an $\cos nx+b_{n}\sin nx$)$= \infty\sum_{n=0}^{\infty}A_{n}(x)$
.
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.. , , $C$ ,
.
, $\alpha=0,1,2,$ $\ldots$ Dlugosz
$\alpha$ . $\alpha=0,1,2,$ $\ldots$ ,
(transplantation) . $\alpha$
$-1<\alpha$ , $-1<\alpha<0$ ,
$L^{p}$ $(1+\alpha/2)^{-1}<p$ . (transplantation








. , $L^{p}(0, \infty)^{-}$ $L^{p}(0, \infty)$ $|\cdot|_{P}$
,
$||M_{\lambda}^{\alpha}||\leq|T_{\alpha}^{\beta}|_{p}|M_{\lambda}^{\beta}|_{p}|T_{\beta}^{\alpha}|p||f||_{p}$
. , $T_{\alpha}^{\beta}$ $L^{p}$ : $||T_{\alpha}^{\beta}f||p\leq$
$C||f||_{p}$ ,
\beta $M_{\lambda}^{\beta}$ : $Lp\text{ }\Rightarrow$ \alpha $M_{\lambda}^{\alpha}$ : Lp
. , $T_{\alpha}^{\beta}$ $L^{p}$ :






$\bullet$ $T_{\alpha}^{\beta}T_{\beta}^{\alpha}f=f$ , $||f||_{p}\sim||T_{\alpha}^{\beta}f||p$ .
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. $\int_{0}\infty T_{\alpha}^{\beta}f(X)g(X)dx=\int_{0\beta}^{\infty}\tau\alpha g(x)f(X)dX$ , $T_{\alpha}^{\beta}$ $L^{p}$ $||T_{\beta}^{\alpha_{\mathit{9}}}||p’\leq$
$C||g||_{p}’,$ $1/p+1/p’=1$ . $-1<\gamma<0$ $p<-2/\gamma$ ,
$(1+\gamma/2)^{-1}<p’$ .
, Thangavelu 1992 $X^{p/4-1/}d_{X}2$
. , Stempak-Trebels 1994 $x^{\delta}dx$ . ,
$0\leq\gamma,$ $.-1<\delta<p-1$ $-1<\gamma<0,$ $-1-\gamma p/2<\delta<p-1+\gamma p/2$
.
:
Dlugosz 1987, Kanjin 1991, Thangavelu 1993, Stempak-Trebels 1994.
$\alpha$ $\alpha>-1$ , $\lambda(x)$
$\lambda(x)\in C^{2}(0, \infty)$ , $\sup_{x>0}|\lambda^{(j)}(X)X^{j}|<\infty$ , $j=0,1,2$
. , $\lambda=\{\lambda(n+1)\}_{n=0}^{\infty}$ $\alpha$
$L^{p}$ . , $\alpha\geq 0,1<P<\infty$ $-1<\alpha<$
$0,$ $(1+\alpha/2)^{-1}<p<-2/\alpha$ .
, Dlugosz 4 , $\alpha$ $\alpha=0,1,2,$ $\ldots$
. Kanjin 1991 $\alpha$ , Thangavelu 1993
2 . . , Stempak-Trebels
1994 1 $\sup_{x>0}$ I $\lambda(x)|^{2}+\sup_{N>0}\int_{N}^{2N}|\lambda’(X)|^{2}dx<\infty$
.
.
, fractional integral $\mathrm{H}\mathrm{a}\mathrm{r}\mathrm{d}\mathrm{y}-\mathrm{L}\mathrm{i}\mathrm{t}\mathrm{t}\mathrm{l}\mathrm{e}\mathrm{w}\mathrm{o}\mathrm{o}\mathrm{d}_{-}\mathrm{S}\mathrm{o}\mathrm{b}\mathrm{o}\mathrm{l}\mathrm{e}\mathrm{v}$
. , Hardy- Littlewood-P61ya 1926
:
$\mathrm{H}\mathrm{a}\mathrm{r}\mathrm{d}\mathrm{y}-\mathrm{L}\mathrm{i}\mathrm{t}\mathrm{t}\mathrm{l}\mathrm{e}\mathrm{W}\mathrm{o}\mathrm{o}\mathrm{d}-\mathrm{p}_{\acute{\mathrm{O}}}1\mathrm{y}\mathrm{a}$ 1926.
$( \sum_{l=-\infty}^{\infty}|\sum_{n\neq\iota}^{\infty}\frac{a_{n}}{|l-n|1-\sigma}|q\mathrm{I}1/q\leq C(\sum_{n=-\infty}^{\infty}|a_{n}|p\mathrm{I}1/p$ ,
$0<\sigma<1,$ $\frac{1}{q}=\frac{1}{p}-\sigma,$ $1<p<q<\infty$
Hardy-Littlewood 1928 , 2
Sobolev 1938 :
Hardy-Littlewood 1928, Sobolev 1938 . fractinal integral $I_{\sigma},$ $0<$
$\sigma<n$ ,
$I_{\sigma}f(x)= \frac{1}{c(\sigma)}\int_{\mathbb{R}^{n}}\frac{f(y)}{|x-y|^{n-\sigma}}dy$ , $c(\sigma)=\pi^{n/2}2\sigma\Gamma(\sigma/2)/\Gamma(n/2-\sigma/2)$
46
$(\overline{I_{\sigma}f}(\xi)=(2\pi|\xi|)-\sigma\hat{f}(\xi)$ , $\hat{f}(\xi)=\int_{\mathbb{R}^{n}}f(_{X)e}-2\pi ix\xi dX)$
,








$||If\sigma||_{L^{q}}(0,2\pi)\leq C||f||_{L^{p}}(0,2\pi)$ , $0<.\sigma<.1,$ $\frac{1}{q}=\frac{1}{p}-.\sigma_{:t}.\cdot 1<p<q<\infty$
. $\sum_{n\neq 0}|n|^{-\sigma}e^{inx}\sim|x|^{\sigma-1}(xarrow \mathrm{O})$ , $1/q>1/p-\sigma$
Young , . ,
$1/q=1/p-\sigma$ . fractional integral
.
, fractional integral ;
Theorem 2([Kanjin-Sato1995]). $\alpha$ $\alpha>-1$ , $0<\sigma<1$ .
$(0, \infty)$ $f(x)$ , .
$I_{\sigma}^{(\alpha)}f(_{X}) \sim\sum_{n=1}^{\infty}n^{-\sigma}a_{n}\alpha(f)\mathcal{L}\alpha(nx)$
. ,
$||I_{\sigma}^{(\alpha)}f||_{L^{q}}(0,\infty)\leq C||f||_{L^{p}}(0,\infty)$ if $\{$
$\alpha\geq 0,1<p<q<\infty,$ $\frac{1}{q}=\frac{1}{p}-\sigma$,
$or$
$-1<\alpha<0,$ $(1+ \frac{\alpha}{2})^{-1}<p<q<-\frac{2}{\alpha}$ ,
$\frac{1}{q}=\frac{1}{p}-\sigma$,




$I_{+}^{\sigma}h(x)= \frac{1}{\Gamma(\sigma)}\int_{0}^{t}(t-s)\sigma-1h(S)d_{S}$ (Riemann-Liouville fractional integral)
$I_{-}^{\sigma}h(x)= \frac{1}{\Gamma(\sigma)}\int_{t}^{\infty}(s-t)^{\sigma-}1h(S)dS$ (Weyl fractinal integral)
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.





, $g(x)$ $(0,2\pi)$ , $\hat{g}(n)$ .
A , $\lambda=$ {\mbox{\boldmath $\lambda$}n}n\infty = . :
Proposition. $\mathcal{M}_{\Lambda}$ $L^{p}(0,2\pi)$ $L^{q}(0,2\pi)$ , A
$(p, q)$ . , $M_{\lambda}^{\alpha}$ ( $L^{p}(0, \infty)$
$L^{q}(0, \infty)$ . , $\lambda$ $\alpha$
$(p, q)$ .
, $\alpha\geq 0,1<p\leq 2\leq q<\infty$ , $-1<\alpha<0,$ $(1+\alpha/2)^{-1}<p\leq$
$2\leq q<-2/\alpha$ .
$\alpha\geq 0$ , .
$I_{\sigma}^{(\alpha)}$
$\sigma$
$I_{z}^{(\alpha)}f(_{X}) \sim\sum_{n=1}n-z(f)\mathcal{L}^{\alpha}\infty a_{n}^{\alpha}(nx)$ , $z=\sigma+i\theta$
, Stein . $(1/p, 1/q)$ $\sigma$ , $0<\sigma<1,1<p<q<$
$\infty,$ $1/q=1/p-\sigma$ . 2 $(1/p_{0},1/q_{0}),$ $(1/p_{1},1/p_{1}),1<p_{1}\leq 2\leq$
$q_{1}<\infty,$ $1<p_{0}<\infty$ , $(1/p, 1/q)$
. , $(1/p_{1},1/p_{1})$ $I_{i\theta}^{(\alpha)}$ $(L^{p_{1}}, L^{p_{1}})$ , $(1/_{P}0,1/q\mathrm{o})$
$I_{\sigma_{0}}^{(\alpha)}+i\theta$ $(L^{p0}, L^{q_{0}})$ . , $\sigma_{0}=1/p_{0}-1/q0$ .
$(1/p_{1},1/p_{1})$ , $\{n^{-i\theta}\}_{n=1}\infty$
$\alpha$ $L^{p},$ $1<p<\infty$ .
$(1/_{P}0,1/q\mathrm{o})$ , $I_{\sigma_{0}+i}(\alpha)=I\sigma_{0}(\alpha)\theta i\theta I(\alpha)$ , $I_{i\theta}^{(\alpha)}$





. $C_{\theta}$ , $\theta$ admissible growth
, , $I_{\sigma}^{(\alpha)}$ .
, ,
$||M_{\lambda}^{0}f||\leq C||f||_{p}$ ( $\alpha=0$ )
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. :
Lemma. (1) $(0,2\pi)$ $g(t)$ , $(0, \infty)$ $Ug(x)$
$Ug(x) \sim\sum_{0n=}^{\infty}\hat{g}(n)\mathcal{L}^{0}(nX)$
. ,
$||Ug||_{Lq(\infty}0,)\leq C||_{\mathit{9}}||_{L^{q}}(0,2\pi)$ , $2\leq q<\infty$
.
(2) $(0, \infty)$ $f(x)$ , $(0,2\pi)$ $Vf(t)$
$Vf(t) \sim\sum^{\infty}a_{n}(n=00f)e^{i}nt$
. ,
$||Vf||Lp(0,2\pi)\leq C||f||_{L^{p}}(0,\infty),$ $1<p\leq 2$
.
, . $U,$ $V$ $M_{\lambda}^{0}=$
$U\mathcal{M}_{\Lambda}V$ , (1) ,
$||M_{\lambda}^{0}f||_{q}=||U\mathcal{M}_{\Lambda}Vf||_{q}\leq C||\mathcal{M}_{\Lambda}Vf||_{q}$
. $||\mathcal{M}_{\Lambda}Vf||_{q}\leq C||Vf!|_{p}$ , (2) $||Vf||_{p}\leq$
$C||f||_{p}arrow$
. , $||M_{\lambda}^{0}f||q\underline{<}C|\{f||_{p}$ .
. , (2) . $\alpha$ $\alpha=0$ , $Vf(t)$
,











$\bullet$ $f(x)\in L^{p}((0, \infty),$ $e^{-x}x^{\alpha}dx)$ ,
$f(x) \sim\sum_{n=0}^{\infty}C(nf\alpha)L^{\alpha}(nX)$ , $c_{n}^{\alpha}(f)= \frac{\Gamma(n+1)}{\Gamma(n+\alpha+1)}\int_{0}^{\infty}f(X)L\alpha(n)xe-xX\alpha_{dx}$
. ,
$S_{N}f(X)= \sum_{=n0}^{N}C(nf\alpha)L^{\alpha}(nX)$
, $S_{N}f$ $L^{p}((0, \infty),$ $e^{-x}x^{\alpha}dx)$ , $p=2$
. Pllard 1948 . , , $p=2$
. , Askey-Hirshman, Jr. 1963 .




$||S_{N}f-f||_{p}arrow 0(Narrow\infty)$ , $4/3<p<4$
.
$\bullet$ , the standard Laguerre expansion
. ,
.
The Laguerre expansion of convolution type:
$f(x) \sim\sum_{=n0}^{\infty}(f, \psi^{\alpha}n)\psi n\alpha(x)$ , $f\in L^{2}((0, \infty),$ $xd2\alpha+1x)$ ,
$\psi_{n}^{\alpha}(x)=\sqrt{\frac{\Gamma(n+1)}{\Gamma(n+\alpha+1)}}L_{n}^{\alpha}(_{X^{2}})e^{-}x^{2}/2,$ $\alpha>-1$ .
The Laguerre expansion of Hermite type:
$f(x) \sim\sum_{n=0}^{\infty}(f, \varphi_{n}^{\alpha})\varphi_{n}^{\alpha}(x)$ , $f\in L^{2}((0, \infty),$ $d_{X)}$ ,
$\varphi_{n}^{\alpha}(x)=\sqrt{\frac{2\Gamma(n+1)}{\Gamma(n+\alpha+1)}}L_{n}^{\alpha}(X^{2})e-x^{2}/2x+\alpha 1/2,$ $\alpha>-1$ .




. Askey-Wainger $1966(\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f})$ ,
$1966(\mathrm{S}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{e}\mathrm{s})$ , Askey 1967, 1969
. , Schindler 1973, Gilbert 1969 .
Thangavelu $1993$ ( $\mathrm{M}\mathrm{a}\mathrm{t}\mathrm{h}$ Notes)
.
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